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The Shockley-Ranio Theorem for 
induced Charge 

the motion of charge earners a ei they ^e tpjnr ^ y counters as well as to 

me nt generally applies »«^^^^£^-^d««l^^^ 
semiconductor detectors such a ' ( » hd incorrect) notion that the detector 

miliar with the process sometime s have » ^ ^ dectrica l charges on the e ee- 
Inal is formed only when the charge ^n^gJjS of the pulse because of the tune 
Ses That picture would imply ^^JS^L * the collecting electrod. 
required to transport the earners tronl ^ hcir P^ 0 °' ul pulse begins to form immediately 
As we will see below, no such ^^^e the pUlse begins as soon as 
when the carriers start then- mot.on to he the timing of detection events can 

the incident particle deposus !*S^£j£j Once the last of the earners arrives 
be much more accurate .than if a delay were to . gnd ih uls e is fully devd- 

at its collecting electrode, the process of^ 

pp ed. m time ^^J^^^^J^ Ganges in the location 
^^^^^^^ in a pulse , ype i P n chamber 
that^^ 

without boundaries or edges. F«^gS^t detectors in which electrodes, 
is needed to carry out the .analysis. There are a ^ c ^ k . 6f - dictihg the types of signals- 
are subdivided into separate^tnps.or ^J^^ basic approach be taken 
expected on a specific be generally applicable to al types 

to predict induced charges.The ^^^^Son are caused to move in an electric 
S detectors in which ^^^^^^ which the active volume 
field within the detector volume, including 
is either a gas; or a semiconductor. 

A. Electric Potential, Electric Field, and Charge Carrier ^ th , electric poten- 

Tbe first part of this appendix '^^.^SSSd orientation of its electrode, 
lial and electric field in a ^^^^c^s. It can be written 
The Ppissqn equation is the. starting point tor (m) 
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where <p is the electric potential, p is the charge density (which may vary with position), and 
e is the dielectric constant for the detector medium. In the absence of trapped charges 
(which is usually, the case for common detectors), p = 0 and the Poisson equation reduces 
to the Laplace equation: 

V 2 <p = 0 (D:2) 

One must now chose the Laplacian operator V 2 that is appropriate for the geometry under 
study. In orthogonal coordinates, 

„ 3 2 d 2 d 2 

V 2 = — — 4- + — 

dx? dy 2 dz 2 

Boundary conditions needed in the solution are chosen based on the operating conditions 
of the detector. If an external voltage V isapplied between two electrodes, then one bound- 
ary condition is that the value of the potential <p must change by V between these elec- 
trodes. Analytical solutions are possible for some simple cases (see the development for the 
abrupt semiconductor junction beginning on p: 373). For complex geometries or detector 
shapes, solutions can be obtained only by using numerical techniques in the form of com- 
puter codes. Several commercial code packages are available that are capable of solving, 
the Poisson or Laplace equation for complex geometries; and electrode configurations. The 
result is a numerical solution for the; electric, potential ;<p everywhere within the detector 
volume. 

The electric field.*? at any point can be obtained simply by taking. the gradient of the 
electric potential 

S = -grad <p (D3) 

Neglecting the effects of diffusion, charge carriers 'generated within the detector will follow 
the slectric field lines (or direction of maximum gradient in the potential) from their point 
of formation to the collecting electrode; If an assumption is made about their velocity as a 
function of electric field (for example, a proportional relationship indicating a constant 
value of the mobility), then the position of the charge as; a function of time can be uniquely 
determined. 



B. The Induced Charge 

The general method to calculate induced charge on electrodes due to the motion of charge 
carriers in a detector makes use of the Shockley-Ramo Theorem 1,2 and the concepts of the 
weighting field and weighting potential. The theorem states thatthe instantaneous current 
induced on a given electrode is equal to 

i = qv - E Q (DA) 

where, q is the charge of the carrier, v is its velocity, arid E 0 is called the weighting field. 
Another way of stating the same principle is that the induced charge on the electrode is 
given by the product of the charge on the carrier multiplied by the difference jn the weight- 
ing potential <p 0 from the beginning to the end of the carrier path: 

Q = qMp Q (D.5) 

To find this weighting potential <p 0 as a function of position, one must solve the Laplace 
equation for the geometry of the detector, but with some artificial boundary conditions: 

1. The voltage on the electrode for which the induced charge is to be calculated is set 
equal to unity. 

2. The voltages on all other electrodes; are set to. zero. 
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6 Pixelated Detector whieh the x-y surface on 
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will be attracted along field lines that are parallel to each other and 'perpendicular to the 
detector surfaces. Neglecting diffusion, they will be collected by the pixel electrode that lies; 
directly to the right of the point at which the charges are formed within the volume. The 
positive charges (holes or positive ions) move in the opposite direction and toward the con- 
tinuous cathode at the left surface of the detector. 

In order to predict the electrical .signal expected from a typical single pixel electrode, 
we must apply the.Shockley-Ramo theorem to this case to first find the configuration of 
the weighting potential; We* again solve the same Laplace equation, but now with bound- 
ary conditions that set the potential of the pixel of interest to unity, and. the potential of all 
other, pixels and the cathode on the opposite surface to zero. The results are plotted in 
Fig. D.li>, and for different values of detector thickness in Fig. D.2. Notice that the shape of 
the weighting potential is far from linear, showing a gradient that becomes. steeper at dis- 
tances that are closer to the pixel electrode. Because the induced charge is proportional to 
the difference in weighting potential between the point of origin and collection, the elec- 
tron motion will contribute much more than the motion of the positive charge for events 
over most of the defector volume. Only for charges created very near the pixel surface* a 
small fraction of the detector volume, will the positive charge motion contribute most of 
the charge induced on the pixel electrode. For the vast majority of events, the motion of the 
electron dominates the induced charge, Furthermore, it is the motion close to the pixel sur- 
face that contributes most strongly to the induced charge. 1 These consequences are often 
called the small pixel effecfi and are most pronounced in detectors with pixel dimensions 
that are small compared/with the detector thickness (see Fig. D.2). For detectors in which 
electrons are much more mobiJe than positive charges (such as the compound semicon- 
ductors described in Chapter 13), deriving the signal from a small pixel rather than from a 
large-area anode can help improve energy resolution by minimizing sensitivity of the pulse 
amplitude to the motion of the positive charges that may not.be completely collected. 

Let us now see how the Shockley-Ramo Theorem can be applied to predict the ampli- 
tude of the charge induced on one of the pixel electrodes, for the case in* which the detec- 
tor of Fig. D.l is a semiconductor (tq.standardize the terminology). First consider the case 
of creating /iq electron-hole, pairs from an ionizing event at a point (designated as "A" on 
Fig. D.lfl) that is very near the cathode surface and along an axis that is perpendicular to 
the center of one of the pixels, call it Pixel #1. the holes will travel only a negligible dis- 
tance to the cathode and will not make a significant contribution to the signals considered 
in this example. The induced current observed at the; pixel electrode is thus due entirely to 
the motion of the electrons, and is initially small as the electrons move to the right through 
a region in which the weighting potential changes slowly (the weighting field is small). As 
the electrons approach the vicinity of the pixel electrode, the weighting field changes more 
rapidly, and the induced current rises until tlie electrons are collected, The electrons travel 
from a starting point where the weighting potential for the pixel is essentially zero to a 
point where it is unity (at the pixel surface.) From Eq. (D.5), the total induced charge is 
given by the product of the total moving charge (equal to -n 0 e) multiplied by the differ- 
ence in the weighting potential between'the end and the start of the electron path (unity), 
and is thus equal to -/? 0 e.This result is consistent with the prediction based on the simple 
conservation of energy argument given in Chapter 5 for the pulse from an ion chamber that 
is also applicable to planar semiconductor detectors. 

Next, let us choose a more general case in which the motion of both the electrons and 
holes contributes to the signal. Assume that the. interaction point still lies directly along the 
axis of Pixel #1, but now at an arbitrary depth (shown as point "B" in Fig. D.ln) where the 
value of the weighting potential has the value "(3" (0 < p < 1). The charge induced on the- 

^Trie effect is somewhat similar to that of the Frisch grid in ion chambsrs described in Chapter 5, where the out- 
put signal is.serisitive only to the portion of theelectfon motion that takes place between the grid and anode, and 
is free from any contributions from the positive Jon motion. 
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pixel size « 0.5 of detector thickness 

Pixel size « 02 of detector thickness 

_ pj xe j size = 01 of detector thickness 
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other from the motion of holes Assuming hat fedM by applyi^ 

to recombination or trapping, a charge of -n 0 e 

Eq. (D.5) to both the electrons and holes. The electron mo ^ 

moving through a difference in ffi^J£5^ - equalbut 

tion to the induced charge » equal t0 ^ogl ^ ™ ^ ting potenUa! of - ^, so the 

all carriers are fully collected. outdated configuration of Fig. D.l, 

In detectors with segmented electrodes such as the P« elatea t \ faen cha es 
transient signals may be induced lonrnore ^0^^^ 
are created at a single point within the Rector vo lu W^ ,f gf own ; s po int «C> on 
electrons very near the cathode, but hts nme ^^^^^^^^ 
Fig. D.l«) that is along the ^ 
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Figure DJ The solid curve shows the weighting potential forvPixel #1 of Fig. D.la along 
an axis that is perpendicular to the center of an adjacentipixel.The dashed l.ne.shows 
the Same variation along the axis of a pixel that is located two pixels away. Both plots 
are for the case in which the oixel size is 20% of the detector thickness^/Note. that the 
vertical scale is expanded by.a factor of 10 compared with the previous two figures, 



pulses that are induced on neighboring pixels that do not actually participate tn collection 
of the charge carriers are sometimes given the apt name of "spectator pixel signals. 

In pixel detectors, the size of the induced charge on the primary pixel electrode 1S the 
same for all events that occur at positions that are within the projected area of the pixel. 
Thus simple positioning schemes that are based on sensing the largest pixel signal can locate 
the event only to within the dimensions of one pixel. The existence of induced signals on 
neighboring pixels opens the-possibility of more precise position-sensing, since these signals 
will be sensitive to small changes in the exact location of the event. If all the signals in the 
neighborhood of the primary pixel are read out, an interpolation scheme can be imple- 
mented to more accurately position the-event to within a fraction of a pixel dimension. 
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